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We semi-analytically find closed-form solution of Euler equation for a chiral magnet in terms of a
skyrmion or a meron depending on the relative strengths of magnetic anisotropy and magnetic field.
We show that the relevant length scales for these solutions primarily depend on the strengths of
Dzyaloshinskii-Moriya interaction through its ratios, respectively, with magnetic field and magnetic
anisotropy. We thus unambiguously determine the parameter dependencies on the radius of the
topological structures particularly of the skyrmions, showing an excellent agreement with experi-
ments and first-principle studies. An anisotropic Dzyaloshinskii-Moriya interaction suitable for thin
films made with Cnv symmetric materials is found to stabilize anti-skyrmion and anti-meron, which
are prototypical for D2d symmetric systems, depending on the degree of anisotropy. Based on these
solutions, we obtain phase diagram by comparing the energies of various collinear and non-collinear
competing phases.
The chiral Dzyaloshinskii-Moriya interaction (DMI)
[1, 2] for broken inversion symmetric systems is one of
the most important mechanisms including frustrated ex-
change interactions and long-ranged dipolar interaction
for producing one-dimensional modulation in magnetiza-
tion known as spin-spiral [3–9] in ferromagnetic systems.
An application of magnetic field in such a system sta-
bilizes [7, 10] skyrmions (Sks) having topologically pro-
tected quasiparticle-like spin structure [11–16] in a fer-
romagnetic background. Neel and Bloch type Sks are
generally realized respectively in Cnv and Dn symmet-
ric [3, 10] bulk and thin-film materials for wide range of
magnetic fields and temperatures [11–21].
Recent observations [22, 23] of anti-skyrmions (ASks)
in Heuslar alloys with D2d crystal symmetry has raised
an issue about the microscopic environment which will
stabilize a Sk or an ASk. While a Sk has either Neel
or Bloch type of orientation of magnetization vector gov-
erned by the respective transverse and longitudinal DMI,
an ASk displays a combination of both. It is thus tempt-
ing to think that an anti-skyrmion may be produced in a
crystal whose symmetry gives rise to both types of DMI.
Numerical simulations, on the contrary, [24–26] indicate
that the ASks do stabilize only in the presence of dipolar
interaction. A micromagnetic study [27] suggests that
Sks and ASks can, however, coexist and this coexistence
is predicted by electronic structure calculation at inter-
faces due to anisotropic DMI. These ASks even take part
in current-induced motion [28].
Camosi et al [29] have recently reported that the epi-
taxially grown thin Co films on W(110) brings anisotropy
in DMI along two orthogonal growth directions of a
C2v symmetric bulk system. Although this reported
anisotropy does not correspond to two opposite signs
along two orthogonal directions, a micromagnetic simu-
lation seems to suggest anisotropy in thin films not only
in magnitude but also in sign [28]. This motivates us
to study a system of thin film chiral magnet fabricated
with Cnv symmetric crystals with an anisotropic DMI
in a continuum model. Moreover, the definite parame-
ter dependencies on the radius [30, 31] of a skyrmion is
lacking in literature [32, 33] where we only have some
empirical forms of its solutions. Recent observation of
another topological spin structure, viz, meron [34, 35]
have further raised the theoretical issue on the parame-
ter regimes on which all these different kinds of topolog-
ical structures emerge. Our focus is thus solving basic
Euler equation for angular variables representing magne-
tization with isotropic DMI for Sks and merons and then
study the consequences of its anisotropy followed by the
determination of phase diagram by comparing energies
of different possible solutions for magnetic structures.
We semi-analytically solve the Euler equation in a con-
tinuum model [3, 7] (J/D,
√
J/H >> a, where a is the
lattice constant) with ferromagnetic exchange coupling,
J , DMI strength, D, strength of magnetic anisotropy, A,
and net Zeeman energy due to magnetic field, H. Our
solution for a Sk accessible in the range 2A/H < 1 sug-
gests that the relevant length scale is independent of J
but depends only on rs = D/H. This solution agrees
quite well with empirical form [7] obtained by minimiz-
ing energy. We estimate the parameter dependencies on
the radius of a Sk, and interestingly its dependency on
the parameters agrees excellently well with experiments
[30, 36] and first-principle studies [31]. The meron solu-
tion at zero magnetic field is obtained for A > 0 (easy-
plane anisotropy) by minimizing energy and the relevant
length scale is found to be D/A. We argue how a Sk
is evolved from a meron and is consistent with an ex-
periment [35]. An anisotropic DMI is shown to support
the solutions of their counterparts, i.e., ASks and anti-
merons. We determine degree of anisotropy for stabi-
lizing ASks and anti-merons over their respective coun-
terparts. Finally, we obtain phase diagram for different
collinear and non-collinear competing phases.
We begin with considering a two-dimensional chiral
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2magnet having energy E =
∫
d2r(EEX + E±DM + EAH)
with respect to an overall ferromagnet orienting along
perpendicular to the plane of the system, described by
exchange energy density EEX = J2 (∇mˆ)2, DMI en-
ergy density E±DM = −D
(
L
(x)
xz ± L(y)yz
)
. Here L
(k)
ij =
mˆi∂xkmˆj − mˆj∂xkmˆi, mˆ is unit magnetization vector,
± signs, respectively, refer to the systems with Cnv and
D2d symmetries when the Dzyaloshinskii-Moriya vec-
tor is transverse [37] to the lattice-bond. (While the
former supports SKs the later is suitable for stabiliz-
ing ASks.) The energy density for magnetic anisotropy
and applied magnetic field along zˆ direction given by
EAH = −A (1 − mˆ2z) + H (1 − mˆz), where A > 0 (< 0)
refers to easy-plane (easy-axis) anisotropy. In spherical
polar representation,
mˆ(r) = [cos Φ(r) sin Θ(r), sin Φ(r) sin Θ(r), cos Θ(r)]
with r = (r cosφ, r sinφ) in polar coordinate system,
A topological structure defined by its topological quan-
tum number Nsk =
1
4pi
∫
d2r mˆ · (∂xmˆ× ∂ymˆ) ≡ ±N0,
where positive sign refers to a Sk or meron and nega-
tive sign refers to an ASk or anti-meron. The solutions
[7] of a Sk/meron and an ASk/anti-meron correspond to
Θ(r) = Θ(r) and, respectively, Φ(r) = ±φ + η. Here η
determines a constant extra planar rotation of magnetic
moment at all points; η = 0 (pi/2) for Nee´l(Bloch) type
topological structures. Here N0 represents the winding
number [38]: its positive (negative) sign determines in-
ward (outward) spin orientation with respect the origin,
corresponding to negative (positive) sign of D, and its
magnitude is 1 for Sks and ASks, and 1/2 for merons and
anti-merons. The boundary condition, mˆ = (0, 0,+1) for
r → ∞, i.e., Θ(r → ∞) = 0 and mˆ = (0, 0,−1) at
r = 0, i.e., Θ(r = 0) = pi is for both SK and aSK.
Meron and anti-meron correspond to the boundary con-
dition Θ(r =∞) = pi/2 and Θ(r = 0) = pi (0) for inward
(outward) helicity.
No matter, be it Cnv, D2d or Dn systems, the Eu-
ler equation for Θ(r) is identical [39]. By introducing a
length scale rs = D/H and rescaling r → rsρ, we obtain
[39] the Euler equation
d2Θ
dρ2
+
1
ρ
dΘ
dρ
− sin Θ cos Θ
ρ2
=
H0
H
(
−2
ρ
sin2 Θ + sin Θ− γ sin Θ cos Θ
)
(1)
where H0 = D
2/J and γ = 2A/H. The numerical
solutions of the Eq. (1) with the boundary conditions
Θ(0) = pi and Θ(∞) = 0 for different values of H/H0
and γ are shown in Fig. 1. The length scale rs which
is independent of exchange energy J defines the relevant
length scale as for a fixed value of γ, the deviation of the
curves of Θ(r) for different values of H/H0 are almost
negligible; the complete solution of Eq.(1) is thus best
FIG. 1: (color online) Skyrmion or anti-Skyrmion solution:
Numerical solution of the Euler equation (1), i.e., Θ(r) vs.
r/rs for different values of γ in the panels (a)–(e) for same
set of H0/H, viz, 0.36, 0.49, 0.64 and 0.81. Solid lines rep-
resent the best fit solution with the form given by Eq. (2).
Inset in the panel (c) is a representative of the panels (a)–(e)
for showing the crossing of the curves for different values of
H0/H. This crossing point is identified as the radius, Rs,
of a skyrmion. The dependence of Rs on γ along with its
approximate fitted form is shown in the panel (f).
approximated by
Θ(r) = 4 arctan (exp (−β(γ)r/rs)) (2)
with β(γ) ≈ 0.91 − 0.55γ. The solution (2) agrees quite
well with previously obtained empirical relation [7] by
minimizing energy of a Sk. We note that all the curves
for a fixed γ cross (see inset of Fig. 1(c)) at a particular
r and we identify that to be the radius, Rs, of a Sk. We
find its dependency on γ as Rs = rsw(γ) with w(γ) ≈
0.26 + 2.091−0.36γ . Therefore, the magnetic field dependence
of the radius of a Sk may be parametrized as
Rs =
C1
H
+
C2
H − C3 (3)
where the coefficients C1 and C2 are proportional to |D|
and C3 is proportional to A. We note that for a fixed
H, radius of a Sk increases with positive A, in agree-
ment with an experiment [36]. However, an increase of
easy-axis anisotropy will reduce the size of an Sk. Figure
2 shows that the skyrmion radius obtained in an experi-
ment [30] and first-principle studies [31] obey the relation
3FIG. 2: (color online) Variation of radius of a Sk with applied
magnetic field: Experimental data (solid circles) from Ref. 30,
first-principle calculations from Ref. 31 for hcp lattice (open
circle) and fcc lattice (open inverted triangles), denoted re-
spectively as I, II and III. Solid lines are the fitted curves of
these data with the functional form in Eq. 3. Inset: coeffi-
cients obtained by fitting are tabulated where we have put
primes to distinguish from non-primes in Eq.(3) in view of
dimensions.
(3) very well and the sign of the corresponding fitted C3
are consistent with the sign of the reported A. For the
systems with positive A, lower bound of the magnetic
field needed for producing a Sk is Hlb = 2A and there-
after the radius monotonically decreases with H.
Figure 3(a) shows phase diagram in A–H space with
γ < 1. The phase boundary between skyrmion and the
polarized ferromagnet is determined by comparing en-
ergy of a Sk,
Esk = 2pi
∫ ∞
0
dr r
[
J
2
((
dΘ
dr
)2
+
sin2 Θ
r2
)
−A sin2 Θ
+D
(
dΘ
dr
+
sin Θ cos Θ
r
)
+H(1− cos Θ)
]
(4)
with the energy of the ferromagnet. Similarly by de-
termining energy of a spin-spiral following Ref. 3 in
comparison to the ferromagnet, we obtain the phase-
boundary between the spin-spiral and ferromagnet. We
draw phase boundary between spin-spiral and skyrmion
phases by considering maximum possible phase-space for
spin-spiral structure. The phase diagram for γ < 1 here
is consistent with previously reported phase diagrams ob-
tained by variational and other simulations [40, 41]. In
agreement with an experiment [42], both spin-spiral and
skyrmions are accessible at zero anisotropy.
For a sufficiently high easy-plane anisotropy (A > 0)
and H = 0, all the spins will align in the plane (pla-
nar ferromagnet). This indicates a boundary condition
Θ(∞) = pi/2 which together with another boundary con-
dition Θ(0) = 0 or pi will provide a solution of meron
when A is moderate. Taking cue of the skyrmion solu-
FIG. 3: (color online) (a) Phase Diagram in A/A0–H/H0
space, where A0 = H0 = D
2/J . Three distinct phases: Spin-
spiral (SS), isolated skyrmion (SK), and polarized ferromag-
net (FM) whose magnetization direction is along the applied
H. The right boundary corresponds to γ = 1. (b) Two pos-
sible degenerate structures of merons (up or down spin at
the center) for H = 0. From top, two and one-deminsional
spin-structures of merons. Any finite H stabilizes meron with
down-spin at the center only. (c) From top, depiction of a
symmetric meron (H = 0), an asymmetric meron (H > 0,
γ > 1), and an asymmetric skyrmion. Spin-down at r = 0 for
all these structures. Here the schematics (b,c) of merons and
skyrmion are considered for D < 0.
tion, we assume the solutions of meron [39] to be
Θ(r) = ±pi
2
+ 2 arctan(exp(−ζr/r
A
)) (5)
where r
A
= D/A is the characteristic length scale, posi-
tive (negative) sign corresponds to spin down (up) at the
center of the meron, and the parameter ζ to be deter-
mined by minimizing its energy
Emeron = 2pi
∫ ∞
0
r dr
[
J
2
((
dΘ
dr
)2
+
sin2 Θ
r2
)
+A cos2 Θ + D
(
dΘ
dr
+
sin Θ cos Θ
r
)]
.(6)
We find [39] ζ = 2 ln(2)/(1 + 2G) ≈ 0.49, where G is
Catalan’s constant. Both the solutions of Θ(r) are degen-
erate and hence they occur simultaneously and appear
as neighbors to match the background of planar ferro-
magnet and form a meron-lattice, as shown in Fig. 3(b).
However, with the increase of H, only one-kind of meron
(spin-down at its core) survive as the other will have
higher energy, followed by a Sk. This is in reminiscent
of the recently observed merons by Yu et al. [35]. We
estimate the upper-bound of A for forming a meron as
4Aub ≈ 2.3A0 by comparing the energy of a meron and
the planar ferromagnet.
In the presence of H with A >> 0 such that γ > 1, a
tilted ferromagnet will be formed with finite amount of
spin-projection along the direction of H making a tilt-
ing angle arccos(1/γ) with the plane. With such a tilted
ferromagnet in the background, locally formed merons
with down-spin at its core will be asymmetric as shown
schematically in Fig. 3(c) when A < Aub. We note that
actual Aub may be lower than estimated here because of
the predicted possibility of forming cone-like structure in
the intermediate regime. The cone structure [40, 41] and
the tilted-ferromagnet are indistinguishable in our analy-
sis because both these structures correspond to same Θ.
With further increase of H, some more spins will tend
to align more than arccos(1/γ) forming an asymmetric
skyrmion (Fig. 3(c)), corroborated with the recent nu-
merical simulation result [43]. Upon further increase of
H, right(left) side of the Sk becomes shorter(longer) and
evolve into a symmetric Sk at γ = 1 as we enter into the
Sk phase of the phase-diagram (Fig.3(a)).
In search of ASk and anti-meron in thin films made of
Cnv symmetric sytems [44], we introduce an anisotropic
DMI given by
E+DM = −D(1 + λ cos 2φ)
(
L(x)zx + L
(y)
zy
)
. (7)
Here λ denotes the degree of anisotropy with λ = 0 rep-
resenting the symmetric DMI present in the bulk Cnv
symmetric crystals. The energy of an ASk is then found
to be
Eask = 2pi
∫ ∞
0
dr r
[
J
2
((
dΘ
dr
)2
+
sin2 Θ
r2
)
−A sin2 Θ
+
λ
2
D
(
dΘ
dr
− sin Θ cos Θ
r
)
+H(1− cos Θ)
]
(8)
with Θ(r) given in Eq. (2). Inset of Fig. 4(a) shows the
variation of Eask with λ for A = 0 and we find that
Eask < Esk above a critical value λc ≈ 1.4 and hence
the anisotropy in DMI stabilizes an ASk. A phase dia-
gram has been presented in Fig. 4(a). Ferromagnet to
ASk transition is also possible for λ > λc, and the corre-
sponding critical value increases with H. However, ASks
are not possible for lower H/H0 where spin-spiral phase
remain unaltered for any λ. Figure 4(b) shows minimum
values of λ above which the full phase-space of Sks and
partial-phase of ferromagnets shown in Fig. 3(a) can sta-
bilize ASks. The outer boundary in the ferromagnetic
region is obtained with the criterion that the ratio of the
diameter of an ASk and the spin-spiral wavelength is not
less than 0.4.
The energy of an anti-meron in presence of anisotropic
DMI,
Eanti−meron = 2pi
∫ ∞
0
r dr
[
J
2
((
dΘ
dr
)2
+
sin2 Θ
r2
)
+A cos2 Θ +
λ
2
D
(
dΘ
dr
− sin Θ cos Θ
r
)]
. (9)
becomes less than Emeron for 6.8 . λ. Producing anti-
meron by anisotropic DMI is less probable than produc-
ing ASk because the former requires much higher degree
of anisotropy, which is almost in the verge of the limit of
a D2d system.
We here have shown that the anisotropic DMI in
thin films with Cnv symmetric materials can host anti-
skyrmions for wide range of phase-space of A and H,
in comparison to hosting skyrmions. However, we do not
find any regime of the coexistence of Sks and ASks, incon-
trary to the numerical simulation [27]. Although dipo-
lar interaction is also a suitable mechanism [24–26]for
stabilizing ASks, the anisotropic DMI is solely respon-
sible, to the best of our knowledge, for small-size ASks
in Cnv symmetric systems. The dipolar interaction here
may play a role in reducing [45] the effect of magnetic
anisotropy. The physics of Sk/ASk and meron/anti-
meron discussed here will reverse for systems with D2d
symmetries. Although the structure of an anti-skyrmion
is a combination of the structures of Ne´el and Bloch type
Sks which are prototypical, respectively, of DMI with
Dzyaloshinskii-Moriya vector orthogonal to the neighbor-
ing bond and along the bond, their combinations do not
produce ASks. However, a pure Dn symmetric system
will stabilize Bloch type merons and SKs, and the cor-
responding ant-merons and ASks may also be produced
through anisotropic DMI.
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Euler equation and its skyrmion solution:
Energy for a two dimensional chiral magnet is given by
E =
∫
d2r
[
J
2
(∇mˆ)2 + EDM +H(1− mˆz)−A(1− mˆ2z)
]
(10)
where energy density for DMI, EDM = −D(L(x)xz + L(y)yz )
for Cnv symmetric, −D(L(x)yz + L(y)xz ) for Dn symmetric
and −D(L(x)xz −L(y)yz ) for D2d symmetric systems and we
distinguish them by introducing a parameter α with re-
spective values 1, 2 and −3. Unit magnetization can be
parametrized through spherical variables (Θ,Φ) as
mˆ(r) = [cos Φ(r) sin Θ(r), sin Φ(r) sin Θ(r), cos Θ(r)]
with r = (r cosφ, r sinφ) in polar coordinate. Therefore,
the expression of energy reduces to
E =
∫ ∞
0
r dr
∫ 2pi
0
dφ
[
J
2
(
Θ2r +
sin2 Θ
r2
Φ2φ
)
+ H(1− cos Θ)−A sin2 Θ
+ D
(
Θr ± sin(2Θ)
2r
Φφ
)
sin(α
pi
2
− φ± Φ)
]
(11)
where Θr =
dΘ(r)
dr and Φφ =
dΦ(φ)
dφ and assuming Θ(r) =
Θ(r) and Φ(r) = Φ(φ). In the last term (11), positive
sign refers to α = 1 and 2 and negative sign refers to
α = −3. Considering Φ(φ) = ζφ + η with ζ = 1 for
α = 1, 2 and ζ = −1 for α = −3, and η = 0 for α = 1, −3
and pi/2 for α = 2, we find Euler equation of Θ(r) being
independent on α as
J
(
Θrr +
Θr
r
− sin Θ cos Θ
r2
)
+
2D
r
sin2 Θ
= H sin Θ−A sin(2Θ) (12)
where Θrr =
d2Θ
dr2 . The corresponding energy is given by
Esk = 2pi
∫ ∞
0
r dr
[
J
2
(
Θ2r +
sin2 Θ
r2
)
−A sin2 Θ
+H(1− cos Θ) + D
(
Θr +
sin(2Θ)
2r
)]
(13)
Short-distance singularity in exchange energy may be
avoided with the boundary condition Θ(r = 0) = 0 or pi.
We look for skyrmion solution of Eq. (12) by introducing
another boundary condition Θ(r = ∞) = 0 (assuming
the background as a polarized ferromagnet) along with
Θ(0) = pi.
In the absence of anisotropy (A = 0), an approximate
and asymptotically (r → 0, ∞) exact analytical solu-
tion of Eq. (1) may be obtained as the exact solution of
the simple sine-Gordon like equation J d
2Θ
dr2 = H sin Θ,
i.e., Θ(r) = 4 arctan (exp (−r/r0)) with characteristic
length scale r0 =
√
J/H. Therefore, an approximate
(exact for r → 0 and ∞) solution for A 6= 0 may be
obtained by considering a reduced form of Eq. (1) as
J d
2Θ
dr2 = H sin Θ − A sin(2Θ) whose solution satisfies an
integral equation∫
dΘ
sin(Θ/2)
√
1− γ cos2(Θ/2) = −2(r/r0) (14)
with γ = 2A/H (γ < 1), expressible into an algebraic
equation√
1 +
2γ cos(Θ/2)
1− γ cos(Θ/2) +√1− γ√1− γ cos2(Θ/2)
× tan(Θ/4) = exp
(
−
√
1− γ r/r0
)
. (15)
We find the solution of Eq.(15) as
Θ(r) = 4 arctan (exp (−g(γ) r/r0)) (16)
with g(γ) ' 1− γ7− γ
2
30 . However, as the smooth change in
the orientation of spin depends on D, it is natural that we
consider another length scale r
D
= J/D. By introducing
rd and transforming r → rdρ, we find the reduced form
of Eq. (12) as
d2Θ
dρ2
+
1
ρ
dΘ
dρ
− sin Θ cos Θ
ρ2
+
2
ρ
sin2 Θ
=
H
H0
(sin Θ− γ sin(Θ) cos(Θ)) (17)
where H0 = A0 = D
2/J . Numerical solution of Eq. (17)
shown in Fig. 5for different values of the parameters
H/H0 and γ = 2A/H. We note that while the long-
distance solution is independent on these parameters,
the short and intermediate distance behavior is strongly
parameter dependent, suggesting rd is not the natural
length scale of the system.
We next introduce a length scale rs = D/H and rescal-
ing r → rsρ, we obtain
d2Θ
dρ2
+
1
ρ
dΘ
dρ
− sin Θ cos Θ
ρ2
=
H0
H
(
−2
ρ
sin2 Θ + sin Θ− γ sin Θ cos Θ
)
(18)
whose numerical solution (Fig. 1 of the article) is almost
H0/H independent for a reasonable range. We thus find
natural length scale of the system as rs. Together with
the solution of Θ(r), (i) Φ = φ for α = 1, (ii) Φ = φ+pi/2
for α = 2 and (iii) Φ = −φ for α = −3 respectively
construct magnetic structures of Nee´l type skyrmion,
Bloch type skyrmion and Nee´l type anti-skyrmion.
7FIG. 5: Skyrmion solution: Numerical solution of the Euler
equation (17), i.e., Θ(r) vs. r/rD for different values of γ in
the panels (a)–(e) for same set of H0/H, viz, 0.36, 0.49, 0.64
and 0.81.
Euler equation and its meron solution:
The Euler equation (12) will reduce to
J
(
Θrr +
Θr
r
− sin Θ cos Θ
r2
)
+
2D
r
sin2 Θ+A sin(2Θ) = 0
(19)
in the absence of magnetic field. For a sufficiently high
easy-plane anisotropy (A > 0), all the spins will align in
the plane (planar ferromagnet). This indicates a bound-
ary condition Θ(∞) = pi/2 which together with another
boundary condition Θ(0) = 0 or pi will provide a solution
for meron. By introducing a length scale r
A
= D/A and
rescaling r → r
A
ρ, Eq. (19) will reduce to
d2Θ
dρ2
+
1
ρ
dΘ
dρ
− sin Θ cos Θ
ρ2
= −A0
A
(
2
ρ
sin2 Θ + sin(2Θ)
)
(20)
Taking cue of the skyrmion solution, we assume the so-
lutions of meron is in the form
Θ(r) = ±pi
2
+ 2 arctan(exp(−ζr/r
A
)) (21)
where positive (negative) sign corresponds to spin down
(up) at the center of the meron, and the parameter ζ to
be determined by minimizing the corresponding energy.
The energy of a meron is given by
Emeron = 2pi
∫ ∞
0
r dr
[
J
2
(
Θ2r +
sin2 Θ
r2
)
+A cos2 Θ
+ D
(
Θr +
sin(2Θ)
2r
)]
(22)
which may be simplified to
Emeron =
J
2
[ln(2) + I1] +
D2
A
[
ln(2)
ζ2
− I2
ζ
]
(23)
where I1 =
∫∞
0
(1/r) tanh2(r)dr, I2 =∫∞
0
(
tanh r
cosh r +
r
cosh r
)
dr = 1 + 2G, and Catalan’s
constant G =
∑∞
k=0
(−1)k
(2k+1)2 ≈ 0.91.
